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1. Introduction. A new class of continued fraction expansions of the type

diz d2% d%z
(1.1) 1+-      -      -

fiz + 1 + /* + 1 + /,* + 1 + • • •

for the ratios of two "contiguous" (2) Heine functions [4; 5; 6](3), is described

here in detail.

The Heine function(4) is the infinite series

(1 - eua)(l — eub)

<p(a, b, c,u,z) = l + —-—- z
(1 - e")(l - euc)

(1.2)
(1 - e««)(l - e"("+1))(l - euh)(l - e"(i,+1>)

(1 - «")(1 - e2")(l - e"°)(l - e"<c+1>) ""'

where U9^2mri/(p-{-l), cy^ — p±2mri/u, re, p = 0, 1, 2, • • •. Except for these

conditions, a, b, c, and u are arbitrary. If a or b is equal to —p + 2mri/u, (1.2)

reduces to a polynomial. The radius of convergence of (1.2) is 1 if \eu\ <1

and is | e«(°+i-a-» |  if |e«| >L For simplification in the notation,

(1.3) e" = q

is used throughout from this point on. With this substitution, the function

(1.2) is denoted by (p(a, b, c, q, z).

The well-known continued fraction of Heine for the ratio of two Heine

Presented to the Society August 23, 1956; received by the editors November 29, 1956.

(') Research sponsored by the Office of Ordnance Research, U. S. Army, under Contract

No. DA-11-022-ORD-2196.
(*) Gauss [3] considered the functions F(a, b, c, z) and called them "contiguous" if the

values of one of the first three elements differed by unity. Heine [6, p. 102] called them

"verwandte Reihe."

(') Numbers in brackets refer to the bibliography at the end of the paper.

(4) Professor Perron [7 ] uses e" instead of q, which Heine used, for the reason that q", for

example, is not single valued. However, by the use of «*", which is single valued, one does not

need to specify the branch of q°. However, since this paper was written, Professor Perron's third

edition, volume II, of Die Lehre von den Kettenbriicken, has been published (Teubner, Stuttgart,

1957). In this new edition Professor Perron again uses q instead of e" (cf. p. 125, formula (19)).
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functions [4; 5; 6], is(5)

(p(a, b, c, q, z) a\Z       a2z       a3z

<t>(a,b+l,c+l,q,z] ~ r +  r + T + • • •,

, (i - q^-^tt - r*^-1)
(1.4)       a2p_i = - qb+>>-1-»

1 (1 - q'+2P-2)(l - q<+*p-i)

(1 - g»+")(l - q*-**)
a2p = - q'+P-1-, p = 1,2, ■ ■ ■ .

H (1  - 9c+2"-1)(l - q°+2P)

If the real part of u is not zero, or \q\ 9^1 by (1.3), (1.4) represents a mero-

morphic function which is equal to the quotient <j>(a, b, c, q, z):<p(a, bA-1,

e + 1, q, z) [7, p. 354]. In the neighborhood of the origin it is equal to the

corresponding power series, and furnishes the analytic continuation of the

corresponding power series throughout the finite z-plane. The equivalence

(~) sign can therefore be replaced by the equality ( = ) sign in (1.4). The

Heine formula contains the Gauss continued fraction [3] as a special case,

where lim u = 0 [7, p. 315].

In an earlier paper [2], the author derived and discussed expansions of

the type (1.1) for the ratios of two Gauss functions [3]. In this paper, new

continued fraction expansions of the form (1.1) are derived for the ratios

<p(a, b, c, q, z): qb(a, b-\-l, c + 1, q, z) (formula (2.1)), <p(a, b, c, q, z): <£(a + l, b,

e + 1, q, z) (formula (2.1'), and for other similar ratios in which the elements

differ by 1, also forc6(a, b, c, q, z): <p(a, b, c, q, qz) (formula (2.9)(iii)). In §3,

the regions of convergence for these continued fractions are studied. It is

found that each continued fraction converges inside a certain circular region

about the origin, dependent on the values of a, b, c, and q, to the ratio of the

two Heine functions which generates the expansion. Exterior to this circular

region the continued fraction converges to a ratio of two different Heine

functions. In §4, certain special continued fraction expansions obtained from

(2.1) are considered.

2. New expansions of the type (1.1) for the ratios of two contiguous

Heine functions. The ratio of the two Heine functions to which the continued

fraction (1.4) converges can be expanded into a continued fraction of the

form (1.1), namely,

4>(a, b, c, q, z) diz d2z d3z

<t>(a,b+l,c+l,q,z)~   '     fiz + 1+M + 1 +/az + 1 4- • • • Kh

(1 _ q«+p-i)(l — qc+p-i-bj 1  _ go+p-i-b

dp = — qb-,   /„ = qb->
(1 - c^+p-'XI - qc+P) 1 - qc+»

_ P - 1, 2, • • • .
(6) The symbol ~ denotes a formal expansion. If at any time a partial numerator vanishes

while the corresponding partial denominator does not vanish, the continued fraction breaks

off with the preceding term. In this case the symbol ~ can be replaced by the = sign.
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This expansion is obtained by the successive substitution of the Heine identi-

ties [5, p. 292]

(i)   d>(a, b + 1, c + 1, q, z) - d>(a, b, c, q, z)

(1 - qa)(l - qc-»)

=  l"ZT<--^-~^-^a +l,b+l,C+2,q, z).
(1 - qc)(l - qc+1)

(2.2) H H
(ll)  (p(a, b + 1, C, q, z) - (j>(a + 1, b, c, q, z)

1 — qb~a

= - qaz-4>(a + 1, b + 1, C + 1, q, z).
1 — qc

On interchanging a and b, since the Heine function (1.2) is symmetric in a

and b, one obtains

4>(a, b, c, q, z) diZ diZ d3z

q>(a+l,b,c+l,q,z)~ fiz + 1 + hz + 1 +fzz + 1 + ■ ■ ■ ,

(1    —   «7*+P-l)(l   —   gt+P-l-o) 1    _   qb+p-l-a

dp = — q"->     fP = qa-'
(1 - 9<=+p-i)(1 - q'+P) 1 _ qc+P

p = 1, 2, • ■ • .

Similarly, the expansion

4>(a, b, c, q, z) diZ dtz dsz

4>(a + 1, b, c, q,t)~ fiZ + 1 +fiZ + 1 +/3z + 1 + • • • Ki,

1 - q" (1 - q»+?-i)(l - q°+»-2-°)
(2.3) di = — oa->    dp = - qa-,

1 - qc (1 - gc+"-2)(l - c?^-1)

# = 2, 3, • • •
1   —   qb+p—l—a

fP = <f—-——, p=l,2,---.
1 — qc+p-1

is generated by successive substitution in (2.2) (ii) and in the Heine identities

[5, p. 292]

(i)   4>(a + 1, b, c, q, z) - <f>(a, b, c, q, z)

1 - qb

= qaz-d>(a + 1, b + 1, c + 1, q, z).
1 — q°

(2.4)
(ii) q>(a + 1, b, c + 1, q, z) - <p(a, b, c, q, z)

(1 - qb)(l - q°-«)
= f*T<-^-~^-^a +l,b+l,c+2,q, z).

(1 - q°)(l - q°+1)

On interchanging a and b, one also obtains the expansion
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4>(a, b, c, q, z) diz d2z d3z

<b(a,b + l,c,q,z)~ fiz+l +/2Z+I+/3Z+I+ • • • ,

1    _   qa (1    _   g«+J>-l)(1    -   gC+p-2-bj

di = — qb-i      d„ = — qb->
1 - q° (1 - gc+"-2)(l - g^"1)

p = 2, 3, • • • ,
(2.3')

j — qa+p—i—b

/* = ?*-;-^7T' ^ = 1,2, •••,

In the formation of the expansions (2.3) and (2.3'), the following relations

are found between (2.1) and (2.3), and between (2.1') and (2.3'), respectively:

1 - qb
qa-iz-

,„  .. <t>(<* ~ 1, b, c,q,z) 1 - qc
[J.. 5) - =1->

4>(a, b, c, q, z) <t>(a, b, c, q, z)

4>(a,b + l,c + l,c/, z)

l-o°
cf-h-—

(2 5') <Ma, b - 1, c, q, z) =_1 ~ gc_

4>(a, b, c, q, z) <p(a, b, c, q, z)

4>(a+ l,b,c+ l,q,z)

By the Heine identity

4>(a, b, c, q, z) - d>(a, b, c + 1, q, z)

(2-6) (1 - <f)(l - <?>)

= «*-(1_ff.)(1_9H.i)"*(o + 1. * + 1. « + 2, ?, «)

and (2.2)(i), (ii), and (2.4)(i), one obtains the expansion

<£(a, fi, c, q, z) diz d2z d3z

d,(a, b,c+l, q, z) ~        /iz + 1 +/2z + 1 +f3z + 1 + ■ ■ ■ ,

,,,,, .   (1 ~ q')(l ~ qb) A .  (1 - g«+^)(l - q<+v~i-<>)
(2.7)   dx = q°-,       d„ =  — qh-,

(1 - q°)(l - ?c+1) (1 - qc+P-l)(l - q<+r>)

I — qb 1 — qa+p-i-b

fi = -Qaz-t> fp = qb—,-—->
1 — qc+l 1 — qc+p

P = 2, 3, • • • ,
or, on the interchange of a and b,
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(j>(a, b, c, q, z) diz diZ d^z

4>(a, b,c+l, q, z) ~        fiz + 1 + fiZ + 1 +/3z + 1

(i - qb)(i - qa)       J (i - ^-'Xi - q°+n-)
(2.7')di = qc-,       dp = - qa-,

(1 - q°)(l - q*1) (1 - q°+r-l)(l - q<+P)

1 — 0" 1  —  g^"-1-0

1 — qc+l 1 — qc+p

The following relations hold between (2.1) and (2.7), and between (2.1') and

(2.7'), respectively:

(2.8) q°^lz-

4>(a-l,b,c-l,q,z)               *         (1 -q^)(l-r)
- = \ -|-,

4>(a - 1, b, c,q,z) 1 - qb <p(a, b, c, q, z)
— qa'1z-1-

1 - qc      4>(a,b+ l,c+ l,?, z)

(1 - ^0(1 - qa)
(2.8') q^z--—--—

4>(a,b-l,c-l,q,z) = ^ (1 - g-)(l - q°)_

4>(a, b - 1, c, q, z) 1 - q" <p(a, b, c, q, z)
-qb~h-1-

1 - qc      4>(a + l,b,c+ l,q,z)

The continued fractions

4>(a, b, c, q, z)

d,(a-r-l,b+l,c+l,q,z)

1 — qb diz diZ
~ — naz-h 1 -\-

l-q° fiz+ l+/2z+l + • • • ,

.... 4>(a, b, c, q, qz)
(n)   •-

4>(a+ \,b+ l,c+ l,q,z)

1 — qb diZ d2Z
---z+l-\-■-

1 - qc fiZ + 1 + f* + 1 + ■ ■ • ,

,....  4>(a, b, c, q, z)
(m) -

4>(a,b,c,q,qz)
(1 - ?/)(l - q")
--z

1 — qe                     diZ             d2z
~1-|-*-      -      -

1 - qb +/1Z+I+/2Z+I + • •'• ,
-z + 1

1 — qc

(1 - qa+P)(l - q°+p-i-b) 1 - q°+p~b

dp = — qb->   fp = qb->    p = 1, 2, • • • ,
(1 - q°+*-l)([ - qc+v)        lv       H      \  - q<+p
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are generated by successive substitution of the Heine identities (2.2) (i), (ii),

and (2.4)(i). Expansions (2.9)(ii), (iii) follow from (2.9)(i) by the Heine

identity [5, p. 287]

<f>(a, b, c, q, z) - <p(a, b, c, q, qz)

(2J0) (1 - g*)(l - q»)      .,,,..,        ,   , ,
=-;-z-4>(a + 1, b + 1, c + 1, q, z).

1 — qc

On the interchange of a and b, one obtains the continued fractions

<Ha, b, c, q, z)

<f>(a+ 1,6+ l,c+ l,q,z)

1 — f dxz diZ
~ — qbz-h 1 H-

l-q° /,z+l+/2z+l+ • • -,

<t>(a, b, c, q, qz)

<b(a+l,b+l,c+ l,q,z)

1 — qa d\Z diZ
(2.9') --z+l +-     -

1 — qc fiz — 1 — f2z — 1 — • ■ • ,

.....   <t>(a, b, c, q, z)
(ml-

d>(a, b, c, q, qz)

(l-q»)(l-q°)
~ 1 H--z

1 — qc diz d2z

1-2"      ~~ + M+l+fiZ+l + .-.,
—-z+ 1

1 - qc

(1 - ^"Xl - q'+p-i-') 1 - qt+p-"
dp = — qa-,   fp = qa-»    P = 1,2, • • • .

(1 - qc+P~l)(l - qc+") 1 - qc+"

The following identities also hold between (2.9)(i) and (2.1), and between

(2.9')(i) and (2.1'), respectively:

,* < ̂        <^(a - U b, c,q,z) 1 - qb <p(a, b, c, q, z)
(2.11)    - =  - qa~lz-1-,

d>(a,b+ l,c+ l,q,z) 1 - q°      d>(a, b + 1, c + 1, q, z)

,, ..n      4>(a, b - 1, c, q, z) 1-5", <p(a, b, c, q, z)
(2.11')   - =  - q^z-•

<t>(a+l,b,c+l,q,z) 1-<T      <Ka+l,b,c+l,q,z)

Other similar expressions exist between the remaining expansions in this

section.

From (2.2) (ii) and (2.1) one obtains the expansion
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4>(a + 1, b, c, q, z) diZ diZ dsz

<p(a,b + l,c,?,z)~ fiZ+l+fiZ+l+fzZ+l +

1 - qa-b (1 - q"+p-l)(l - qc+P-i-b)

di = — qb->      dp = - qb-,
(2.12) 1 - q° (1 - q'+'-2)(l - q"+^)

P = 2, 3, • • • ,

\   —   qa+p—l—b

{p = qb-      .      > p = i, 2, •■•.

1 — t7'+p-1

An analogous expansion for (p(a, i + 1, c, g, z): c/>(a-fT, 6, c, q, z) can be ob-

tained by the interchange of a and b in the values of dp and/„ in (2.12).

Finally, by use of the algorithm of Euler [l, p. 370] for obtaining a

continued fraction of the form (1.1) from the corresponding power series, one

obtains the expansion

1 diZ diZ d%z
-1 H-
<p(a, b,c,q,z) fiz + 1 + fiZ + 1 + /* + 1 + • • • ,

(2.13) (1 - q"+p~l)(l - qb+p-1)

dp =-= — fp, p = 1, 2, • • • ,
(1 - ?»)(1 - f+P-1)

(cf. Heine [5, p. 293]).

The question of the convergence of the expansions in this section is now

considered.

3. The convergence of the continued fractions in §2(6). Expansion (2.1)

is first considered. It is a limit-periodic continued fraction of the form (1.1).

There are a number of cases to be considered, (i) Let R(u) <0, or | eu\ =\q\

<1. Then limP,K dpz= —qbz, \imp„x (fpz + l)=qhz-\-l, and the roots of the

auxiliary equation x2 —limp.^, (fpz-\-l)x — limp,M dpz = 0 are qbz and 1. They

are of unequal modulus if | z\ 9^ \ q~~b\. Then, by Theorems 41 and 42 of Per-

ron [7, p. 286], (2.1) converges (at least in the "wider sense") if \z\ ^\q~h\.

Furthermore, there exist positive numbers M and re such that, for p^n, the

continued fraction

etp+iZ ap+iZ
(3.1) bpz+l+--

bp+iz + 1 + bp+iZ + 1 + ■ • ■

converges uniformly for \z\ <(1 — «)|<Z~6| and for M>z>(l-\-e)\q~b\, where

(6) In any of the expansions in §2, for certain values of a, b, or c, a partial numerator of a

continued fraction may be zero. In this case, the continued fraction is finite, and its value

can be computed therefrom. Furthermore, it is understood throughout that in each case those

values of a, b, or c are excluded which make indeterminate the function to which the continued

fraction in question converges.
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e is an arbitrarily small positive number. Then, by a proof entirely analogous

to that of Perron [7, p. 342] for Stieltjes type continued fractions, since (3.1)

converges uniformly for | z| < (1 — e) | q~b\, R(u) <0, (2.1) is equal to the cor-

responding power series within the circle |z| = \q~b\- The continued fraction

(2.1) thus converges to the function <j>(a, b, c, q, z); <p(a, b + 1, c + 1, q, z)

within |z| =|ff-!,| provided 7v(w)<0, or \q\ <1 by (1.3).

(ii) Let R(u) > 0, or |e"| = \q\ > 1. Then limp^ dpz = — qa-°~lz,

lim^oo (/„z + l) =g°_c_1z + l, and the roots of the auxiliary equation are

qa-c-i ancj 1 Therefore, by the same type of proof as in (i), the continued

fraction (3.1) converges uniformly for |z| <(1 — e)|G7c+1~"| and for Afi>|z|

>(l + e)|gc+1~a| provided R(u)>0, and the continued fraction (2.1) is equal

to the corresponding power series within |z| = |gc+1~a|. The continued frac-

tion (2.1) therefore converges to the function

4>(a, b, c, q, z)ld>(a, b + 1, c + 1, q, z)

within |z| = |gc+1-°|  if R(u)>0, or \g\ >1 by (1.3).

For the investigation of the functions to which (2.1) converges for

|z|> \q~h\, R(u)<0, and \z\ > \qc+1~"\, R(u)>0, let (2.1) by an equivalence

transformation be written in the form(7)

1 - f        r

qbz(l-q"-h-1)

(3.2) d>(a,a-c-l,a-b-l,q,qc+l-a-b/z) d{/z di/z

" <b(a, a-c,a-b,q, q^~"-»/z)      ~ 1 +f{/g+l+f{/z+l+ • • • ,

(1 _ 5-+*-!) (1 - 9«-w-^i)                          l-r+p
a„ =-i     tv=->   P= 1, 2, • • • .

qb(l—qa-b+p~2)(l — qa-b+p-1) qb(l — qa-b+p~1)

where the equality sign has just been proved in (i) and (ii) above to hold

for certain values of | z| dependent on R(u). Consequently, the value of 7£i in

(2.1) is

qhz(l—qa'b~1)    r<t>(a,a—c—l,a—b-l,q,qc+1-a-b/z)      "1

1—qc L     4>(a,a—c,a-b,q,qc+l-"'b/z) J

(l-g°)(l-g°-») 4>(a+l,a-c,a-b+l,q,q'+i-'-b/z)

(l-q°)(l-q°-b)'     <t>{a, a-c, a-b, q, q'+^-"/z) '      Y     ' '    '

(1— ?6){(1—8°_6)-*(fl, a-c, a—b, q, qc+1-"~b/z) — (l—qc-'>)-4i(a, a-c, a-b+\, q, gc+1-«"Vz))

(1—?c)(l— qa~b)4,{a, a—c, a — b, q, q<:+1-"~''/z)

by the Heine identity (35), [5, p. 291],

(') The method of proof for convergence exterior to the circles in (i) and (ii) was suggested

to the author by Professor Perron. It can also be used to obtain the convergence of the con-

tinued fraction expansions for the ratios of two Gauss functions considered by the author in

[2].
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(1 - qe)<t>(a, b, c, q, z) - (1 - q°-a)<p(a, b, c + 1, q, z)

- q°-°(l - q°)d>(a + 1, 6, c -f 1, q, z) = 0.

Finally, by use of the Heine identity (29), [5, p. 290 ],

(1 - q°-b)d>(a, b,c+l, q, z) + q<-»(l - qb)4,(a, b+l,C+l,q,z)
(3.4)

- (1 - qc)4>(a, b, c, q, z) = 0,

the value of Ki in (2.1) becomes

(1 - q~b)(l - <f-c)4>(a, a ~ c + 1, a - b + 1, q, q^-^/z)

(1 - q~°)(l - q°-b)4>(a, a - c, a - b, q, q'+1—"/z)

for \qc+1-a-b/z\ <\q°+1-a\ or |2|>|<7-*| if R(u)<0, and for \qc+1~"-b/z\

<|g-6| or \z\ >|gc+1_a| if R(u)>0. On interchanging a and b, one likewise

obtains the values of (2.1').

The following theorem has thus been proved.

Theorem   3.1.   The   continued fraction   (2.1)   converges   to   the   value

<p(a, b, c, q, z):d>(a, b + 1, c + 1, q, z)

within the circle \z\ =\q~b\ if R(u)<0 and within the circle \z\ =\qc+1~a\  if

R(u)>0. It converges to the value

(1 - q-b)(l - g-°)4>(a, a- c+ l,a- b+ l,q, q'+^^/z)

(1 - q~°)(l - qa-")(t>(a, a - c, a - b, q, q^-^/z)

/or | z | >|c7~6| if R(u) <0,and for \z\ >|gc+1~"| ifR(u)>0. The continued frac-

tion (2.1') converges to the value

4>(a, b, c, q, z):d>(a + 1, b, c + 1, q, z)

within the circle \z\ = \ q~"\ if R(u) <0 and within the circle \ z\ = \ gc+1_6| if

R(u)>0. It converges to the value

(1 - <?-)(! - q»-°)d>(b, b - c + 1, b - a + 1, q, q^-^/z)

(1 - «T)(1 - qb-)4>(b, b-c,b-a,q, q°"-^>/z)

for \z\>\q-°\ if R(u) <0, and for \z\ > \ qc+1~b\ if R(u)>0.

In order to investigate the convergence of (2.3), the roots of the auxiliary

equation one finds are vaz and 1 if R(u)<0. Consequently, (2.3) converges

to the function (p(a, b, c, q, z): (p(a-\-l, b, c, q, z) within | z\ = \ q~"\ if R(u) <0,

by the same type of proof as in the case of (2.1). If R(u) >0, the roots of the

auxiliary equation are qb~cz and 1, so that (2.3) converges to the function

(p(a, b, c, q, z):(p(a-\-l, b, c, q, z) within | z\ = \ qc~b\ if R(u)>0.

For the investigation of the convergence of (2.3) exterior to these circles,

one transforms (2.3) into
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1      r    4>(a, b, c, q, z) ~| <t>(b - c,b,b - a, q, q^-b/z)

qaz    L«/»(a+ l,b, c - q,z)        J 4>(b - c + 1, b, b - a, q, qc-"~b/z)

di/z dl/z di/z

"    +fl/z + 1 + /,'/« + 1 +fi/z + 1 + • • • ,

' i_j» (i - ^+p-.)(l - r-+,-2)
rfi   =-,   dp  =-   p = 2, i. ■ • • ,

qa(l - qb~a) qa(l - qb-a+p-i)(\ - q^'+p-1)

1 — qc+P~l

fp  =-"- P = 1, 2, • • • ,
q"(l - q»-«+r-1)

where the equality sign holds for the cases stated in the preceding paragraph.

From (3.6), by (2.4)(i),

1 - j    4>(b - C + 1, b + 1, b - a + 1, q, q<—b/z)
(3.7) A2 =1 —-

1 - q*-<> (j,(b - c + 1, b, b - a, q, qc-a-b/z)

for |z| > \q~a\, R(u)<0, and for |z| > |2c_i>|, P(m)>0. On the interchange of

a and b, the values of (2.3') can be determined. The following theorem has

thus been proved.

Theorem   3.2.   The   continued  fraction   (2.3)   converges   to   the   value

<p(a, b, c, q, z):<p(a + 1, b, c, q, z)

within the circle \z\ =|g-"| if R(u)<0, and within the circle \z\ =\qc~b\ if

R(it)>0. It converges to the value (3.7) for \z\ >|2_°| if R(u)<0, and for

\z\ >\qc~b\ if R(u)>0. The continued fraction (2.3') converges to the value

4>(a, b, c, q, z):<p(a, b + 1, c, q, z)

within the circle \z\ =\q~b\ if R(u) <0 and within the circle \z\ =|gc_a| if

R(u) >0. It converges to the value

(1 - <f)-4>(a - c + 1, a + 1, a - b + 1, q, qc->-»/z)

(1 - q"~b)<p(a - c + 1, a, a - b, q, q°-°-»/z)

for |8|>|g-»| if R(u) <0, and for \z\>\qc~a\ if R(u)>0.

Following the same procedure, by use of (2.2)(i), (2.8), (3.5), and the

Heine identity (19), [5, p. 290],

(3 8)    (1 ~ qb~a^a' b' C' q' Z) + ^"(1 ~ qa)^a + *' b' C> q' Z)

- (1 - qb)aj(a, b+l,c, q, z) = 0,

one obtains the following theorem on the convergence of (2.7).
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Theorem 3.3. The continued fraction (2.7) converges to the value

(p(a, b, c, q, z):cp(a, b, c + 1, q, z) within the circle \z\ = \q~b\ if R(u) <0, awci

within the circle \ z\ = | gc+1-°|  if R(u) >0. It converges to the value

(1, qa-c)-<p(a, a — c + 1, a — b + 1, q, qc+1-"-b/z)

(1 — q~c) y<p{a, a — c,a — b + l,q, qc+1-a-b/z) — (1 — ?°)0(o + l,a — c, a — b + l,q, q°+1-a~b)/z) ]

or

1   /T _   (1 ~ qa) -4>(a + 1, a - c, a - b + 1, q, ^^-"/z) 1

'    L (1 - qa-c)-(p(a, a- c+ l,a - b+ l,q, g^1--*/*)]

for \z\ >\q~b\ if R(u) <0, and for \z\ >\qc+1~a\ if R(u)>0. The functions to

which the expansion (2.7') converges as well as the regions of convergence can be

obtained from the above with the interchange of a and b.

By the relation (2.11), with the help of (2.4)(i) and (3.5), one obtains the

following theorem on the convergence of the expansions (2.9).

Theorem 3.4. The continued fractions (2.9) (i), (ii), (iii), converge to the

values

<t>(a, b, c, q, z):d>(a + 1, b + 1, c + 1, q, z),

(p(a, b, c, q, qz):<p(a + 1, b + 1, c + 1, q, z),

<p(a, b, c, q, z):<p(a, b, c, q, qz),

respectively, within the circle \z\ = \q~b\ if R(u) <0, and within the circle

I z\ = I qc~a\ if R(u) >0. Expansion (2.9)(i) converges to the value

(l-qb)       I" 4>(a, a - c + 1, a - b + 1, q, q^~b/z)   1
-2 •     — q" + 1-,
(l-qc)       L <p(a + 1, a - c + 1, a - b + 1, q, q°—b/z)A

(2.9)(ii) to the value

(1 - q") 4>(a, a- c+ l,a- b+ l,q, qc-a~b/z)

(1 - q<)  Z <p(a + 1, a - c + 1, a - b + 1, q, qc~"-b/z) '

and (2.9) (iii) to the value

<p(a, a-c + l,a-b + l,q, qc~ll-h/z) - (1 - c/°)*(a + 1, o - e + 1, a - b + l,q, qc-"-*'/z)

<t>(a, a - c + 1, a — b + 1, q, qc---b/z)

for | z\ > | q~b\ if R(u) <0, and for \z\>\ qc~a\ if R(u) >0. The functions to

which the expansions (2.9') converge as well as the regions of convergence can

be obtained from the above with the interchange of a and b.

By the use of (2.2) (ii), (2.4)(ii), and (3.5), one obtains the following theo-

rem on the convergence of the expansion (2.12).
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Theorem   3.5.   The   continued fraction   (2.12)   converges   to   the   value

4>(a + 1, b, c, q, z):q>(a, b + 1, c, q, z)

within the circle  \z\ = \q~b\   if R(u) <0 and within the circle  \z\ =\qc~a\   if

R(u)>0. It converges to the value

d>(a + 1, a - c + 1, a - b + 1, q, qc~a-b/z)

d>(a, a — c + 1, a — b, q, qc~a~b/z)

for |z|>|6T6| if R(u) <0, and for \z\>\q'-a\ if R(u)>0.

An analogous theorem holds for the expansion of <j>(a, 6 + 1, c, q, z):

4>(a + l, b, c, q, z).

4. Continued fraction expansions for the ratios of specialized Heine func-

tions. Let 6=0, and c be written for e+1. Then (2.1) becomes

1 dxz diZ d3z

*(fl, 1, C, q, Z)  ~ /JZ+1+/.Z+1+/3Z+1+   ••  •,

1    —   QO.+V— 1

dp = — fp = - ~-7—;' P = !> 2, • • * ,
1 — gc+p_1

| z |   < 1 if R(u) < 0, | z |   <  | qc~« |   if R(u) > 0,

(cf. (5.2) of [2] for a similar expansion of the analogous Gauss function). It

is remarked that (4.1) can also be obtained from (2.12) or (2.13).

In analogy to the expansion of the Gauss function F(a, 1, 1, z) lor (1 —z)a

(expansion (i), [2, p. 470]), one obtains for the reciprocal of

*f    i   i        ^      1   lIZJI      ,    (1 ~ g°)(l ~ gg+1)    2J4>(a, 1, 1, q, z) = 1 H-z H-zl + • • • >
1-9 (l-?)(l-<z2)

[6, p. 99], the expansion

1 diz d2z d3z

0(o, 1, 1, q, z) ~ /1Z+I+/2Z+I+/3Z+I+ • • •,

1 — q<*+p~i
dp = — fP =-' p = 1,2, • • • ,

1 — qp

I z I < 1 if R(u) < 0, I z I   <  I g1-" I   if R(u) > 0.

For the reciprocal of

0(1, 1, 2, g, z) Is z2

-\-= 1-^^i-l + ~i-1+ ' ' *'
I — 9 1 — 6/      1 — cj2       1 — q3

[6, p. 99], one obtains the expansion
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1 — q 1 — q      (1 — q)-diZ diZ dtf

0(1, 1, 2, q, z) ~   ~~T fiz+l     +/2z+l+/3z+l+ • • • ,
(4.3)

1 — qP
dP=  - fp=  - ~-77 ' P =  L 2, • • •  '

1 — qp+1

| z |   < 1 if R(u) < 0, | z |   >  | q |   if R(u) > 0.

This is analogous to formula (ii), [2, p. 471] for the Gauss function.

For the reciprocal of

<K1, 1/2, 3/2, 92, z2) 1 z2 z*-=-1-1-]-■■■>
1 — q 1 — q       1 — q3       1 — qs

[6, p. 99], from (2.1') one obtains the expansion

1 — q 1 — q      (1 — q)-diz2 d2z2 dzz2

0(1, 1/2, 3/2, q2, z2) ~   ~T~ fiz2 + 1    + /2z2 + 1 +/3z2 + 1 + • • • ,

(4.4)
i - cr*-1

dP= -/„ = ~   l_qtp+1  ' p=l,2,---,

| z\   < 1 if q < 1, \z2\   <   \q2\    ii q> 1.

This is analogous to formula (iii), [2, p. 471] for the Gauss function.
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